“Core Competency” (May 2021) Name (Print):
Qualifying Exam (09/13/2021)

Time Limit: 4 hours Signature:

This exam contains 8 problems. Answer all of them. Point values are in parentheses. You
must show your work to get credit for your solutions — correct answers without work

will not be awarded points. Please use separate sheet(s) for each question.

No calculators will be allowed in the exam. This is a closed notes/book exam; no cheat

sheets are allowed.

1 14 pts
2 14 pts
3 10 pts
4 13 pts
5) 12 pts
6 12 pts
7 13 pts
8 12 pts
TOTAL | 100 pts
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. (14 points) (5+4+5) Let X3,..., X, be an i.i.d. random sample with common density

function
—(z—0) f >0
e or r >
f(x;0) = )
0 otherwise,

where 6 > 0 is an unknown parameter.

(i) Find a one dimensional sufficient statistic 7,,.
(ii) Derive the cumulative distribution function F,, of T,,.

(iii) Give an exact (1 — «)-confidence interval for . (Hint: What is the distribution of
Fu(T)?)

. (14 points) (5+4+5) Let X and Y be two independent exponential random variables
with parameters A and p, respectively, i.e. P(X > 2, Y >y) =e ™, >0, y > 0.
Define random variables

1 if X <Y

0 otherwise.

T =min(X,Y) and A:{

(i) Find the probability density function of 7" and the probability mass function of A.
(ii) Find the joint distribution function of (7', A).

(iii) Suppose we have a random sample (7}, A;), i = 1,...,n, i.e. i.i.d. copies of (T, A).
Write down the likelihood function and find the MLE of A.

. (10 points) Let X and Y be two jointly distributed random variables with finite expec-
tations and variances. Show that Var(Y) = E{Var(Y|X)} + Var(E{Y|X}).

. (13 points) (54+4+4) Suppose {U; }i>1 S U(0,8), for some 6 > 0.
1/n
(i) Show that T,, := (H?:l Ui> converges in probability to a constant, and find this
constant.
(ii) Find a function of T,, that is a consistent estimator for 6.

iii) Find constants a, and b, such that a,(7, — b,) converges to a non-degenerate
(iii) g g
distribution.

. (12 points) (44+4+4) Suppose {;}i>o are i.i.d. N(0,1) random variables. Find the con-

stant ¢ such that
maxlgign )(Z

Viogn

for each of the following three cases where {X;};>; is defined.

— C
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(i) X; = SE2=t for i > 1.

. (12 points) Let A € R™ ™ denote an m X n matrix with n < m. Suppose that
AL, Aoy .oy Ay and vy, Vo, ..., v, denote, respectively, the eigenvalues and eigenvectors
of AT A. What can we say about ALL the eigenvalues and eigenvectors of AAT? Justify
your answer.

. (13 points) (3+10) Let X, Xo,..., X, YR (F denotes the CDF). Our goal is to esti-

mate v = F'(0) + 2F(1). We employ the following estimate

4 = % (iH(Xi §0)+2Zn:]l(Xi < 1)) :

i=1 i=1
where I(-) denotes the indicator function.

(i) Calculate E(9).
(i) What is the limiting distribution of /n(5 — )7 Justify your answer.

. (12 points) (4+4+44) Answer the following questions:

(i) Suppose that (X,,Y,) < N(0,%) in distribution with ¥ = [2,1;1,1]. What does
(X, — Y,)? converge to in distribution? Prove your answer.

(if) Suppose that (X, /nY,) % N(0,%) in distribution with ¥ = [2,1;1,1]. What
does (X,, — Y,)? converge to in distribution? Prove your answer.

(iii) Let X,, 2 1. For each X,,, we pick Y,, uniformly at random from the interval [0, X,,].
What does Y,, converge to in distribution? Prove your answer.



