[ Review Session 6 - Point Estimation ]

References/suggested reading

(i) Casella & Berger: section 6.2, chapter 7.

1 Introduction

In point estimation, we consider a sample X;,..., X, Hg- f(z]9) from a population/distribution with pmf/pdf f(z|0). We
seek a method of finding a good estimator of the unknown parameter 6. Previously, we've seen two examples where 6 is
the the mean Ex . (,9)[X] Or variance Varx.. ;o) (X) of the population. By estimator, we simply mean a statistic, or some
function W(X;,...,X,) of the sample. For example, we might take W(X;,...,X,) = X, := 1 3" | X, the sample mean, or

W(X1,...,X,) =8%:= 23" (X; — X,)? the sample variance, as seen in previous review sessions.

n—1

We've seen in the previous review session how simple estimators, such as X,, and S2, behave in the large-sample setting through
the law of large numbers. Now, we want to understand how these estimators fare for a fixed sample size n. More generally,
outside of these simple cases, we want (1) way(s) of obtaining a reasonable estimator for a general parameter 6§ and (2) some
means of comparing the performance of different estimators in estimating a given parameter 6. If the performance of an
estimator can be properly quantified, then we can develop a notion of a “best estimator”.

Note that, in the most general case, § might be a vector here of univariate parameters, or some function of another parameter
of interest.

2 Method of Moments

The method of moments gives a fairly straightforward way of obtaining an estimator by conflating the population and sample
moments. It works best when the parameter 6 is something easily related to the moments of the distribution of f(x|0) (e.g.,
when 6 is the mean or variance).

Definition 2.1 (method of moments). Let X;,..., X,, be a sample from a population with pdf or pmf f(z|6y,...,60:). Method
of moments estimators are found by equating the first kK sample moments to the corresponding k population moments, and
solving the resultant system of equations. Define:

1 n
==\ " xk = E[XF
my, ”;—1 [T [X7]

The population moment p’; is a function of 6y, ..., 6. The method of moments estimator (0y,...,0;) of (0y,...,6)) is obtained by
solving the system

mi = :ul(ola"'aak)
my = pp(01,...,0k)

mi = w6, ., 01)
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Example 2.2 (normal method of moments)
Suppose Xi,..., X, areiid N'(0,0?). Our parameters here are (6,0). We then have ;; = 6 and iy = 6% 4 02 so that solving
the system X,, = 6 and 3~ X2 = 6? + 02, we get
- 1 -
0=X,5"==-) (X;—X)?
=TT
Example 2.3 (binomial method of moments)
Let Xi,..., X, beiid binomial(k, p). Our parameters here are (k, p). Equating the sample moments to those of the population
gives
1 X X
X,=kpand =S X2 =kp(l—p)+k*p? = k= — — _andjp==
P nz 2=kp(1—p)+k%p X e X =

Admittedly, the method of moments estimators are not often the best estimators for the population parameters. In the above
example, we see that it is even possible for k& and j to be negative, which goes against the ranges of the parameters k and p.
Method of moment estimators are consistent under very weak assumptions since the sample moments m; converge to the
population moments u; by LLN. However, they tend to be biased. In Example we see that E[6?%] = (%=2) - 02 # o2

3 Maximum Likelihood Estimation

Maximum likelihood estimation (MLE) is another standard technique for finding estimators. Recall that if X;,..., X,, are ani.i.d.
sample from a population with pdf or pmf f(z|0), the likelihood function is defined by

n

L(O|X1, ..., X,) = [ [ £(Xi16).

i=1
Definition 3.1 (MLE). For each sample point x = (z1,...,,), which we consider as realized values of the random sample
X1, ..., Xn, the maximum likelihood estimator of the parameter 6 based on the sample x is the value of § which maximizes L(6|x).

Remark 3.2. It is often easier to work with the log-likelihood log(L(6]x)) (which turns the product over i € [n] into a sum). Since log(+) is a
monotone transformation, the MLE is always the maximizer of log(L(0|x)).

Note that, unlike the method of moments estimator, the range of the MLE coincides with the range of the parameter by
construction (i.e., the maximization of L(6|x) should be treated as a constrained maximization over the known range of 6).

Intuitively, the MLE is a reasonable choice of estimator since it is the parameter which is most likely to have produced the
observed sample. We'll see later that the MLE will also benefit from some other optimality properties. The main drawback of the
MLE is the potential difficulty in maximizing L(#|x). If the likelihood function is twice differentiable in 6, the go-to approach is to
use calculus (i.e., the second derivative test or its variants). When 6 is a vector, one has to be careful in optimizing L(6|x) over all
the dimensions of 4. In the case of two variables, 6 = (64, 6>), the “second derivative test” for bivariate maximization gives us a
way of finding optima in both 6; and 6s.
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r Lemma 3.3 b
To verify a function H(6:,6,) has a local maximum at (6, ), it must be shown that
1. The first-order partials aielmel:él,ag:% =0and 392H|91_91792:9~2 = 0.
2. At least one second order partial is negative: 2H|91_91 9,—0, < 0Or 82H\91 b, .00=0, < 0-
3. The Jacobian of second-order partials is positive.
0> 0> 9> 2
61,6 H(01,02) — | =—=—H(0:1,0 0
892 ( 1, 2)69% ( 1, 2) <891802 ( 1, 2)) X X >
01:91792:02
- J

However, it will often be the case that we do not need to check the last condition above. This may occur, for instance, if we can
show that for any fixed 6, the likelihood can be maximized in 6, with a maximizer 6, not depending on 6;. Then, it remains to
maximize L(6, 62|X) over 6. Let's see an example of this.

Example 3.4 (normal MLE, mean and variance unknown)
Let X1,..., X, beiid N(6,02), with both 6, o> unknown. Then

1 _ )2 /o2
L(8,0°X) = fgmgyage” (/D T 0

and

1
log L(6, 0%|x) = —g log(27) — gloga2 =5 Z(Jcl —0)?/0?

i=1

The partials are then
o) 5 1 <
aalogL(ﬁa |x) = —2;

0
—— log L(#, 0>
Oo? L) = 202 204 Z

Setting both partials equal to 0 gives solution (é,ﬁ) = (Tp,n 1> (x; — T,)?). We show this is in fact a global maximum.
Recall that if 6 # z,,, then
Z —0)2 > Z ; — Tn)?

[

Hence, for any o2,

_ St s L /) T@i-0)?/0?

(2mo2)/2 = (2m02)n/2
It suffices to show (02)~"/2 exp(—(1/2) X (x; — T,)?/o?) achieves its global maximum at o2. This is straightforward with
univariate calculus.

Another consideration that often arises in tricky MLE calculations is to be careful about constraining the maximization to the
range of 6. Let's see an example of this.
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Example 3.5 (restricted range MLE)
Let Xi,...,X, beiid. N(6,1) where is it known that # > 0. With no restrictions on §, we saw that the MLE of 6 is X ,;
however, if X,, is negative, it will be outside the range of the parameter which means it cannot be the MLE in this setting
with 6 > 0. However, if X,, is negative, then the likelihood function L(6|X;, ..., X,,) is decreasing in 6 for § > 0. Thus, it is
maximized at 6 = 0. If X,, > 0 on the other hand, the likelihood is maximized at § = X,, as our earlier calculations show.
Thus, in this case, the MLE is

b X, X,.>0

o X,.<o.

Sometimes it is difficult to differentiate the likelihood or log-likelihood, and we have to instead make careful inferences about
where the likelihood's maximum can be located. This occurs, for instance, when our parameter 6 takes on a discrete range of
values.

Example 3.6 (binomial MLE, unknown number of trials)
Let X;,...,X,, be a random sample from a binomial(k, p) population, where p is known and & is unknown. The likelihood is

then
=k . s
sk = [T (1 )0 -==

i=1
Maximizing L by differentiation is difficult since k£ has to be an integer. Observe L(k|x,p) = 0 if ¥ < max(x;). Thus, our
maximizing k¥ must satisfy ¥ > max(z;). Since the function k£ — L(k|X,p) is increasing and then decreasing in k, we can
instead find the MLE k by mandating that it satisfies:

LXp) o | L(E+1[%.p)

: <1
Lk—1x,p) = ' L(kX.p)

These conditions become

n

(k—=;)and (k+1)(1—p)" < [J(k+1— =)
1 =1

(k1 —p)" =

—-

(2

Dividing by k™, we get:

n

(1—a;/k)and (1 —p)" < JJ(1 — @i/ (k +1)).

1 =1

(1-p)" >

—-

(2

In fact, it will suffice to solve for [T, (1 — z;/2) = (1 — p)" on the domain of real numbers z € [max{xz;},c0). Note that
f(z) :=[Ii=,(1 —;/z) is a continuous strictly increasing function in increasing = whose boundary values are f(max{z;}) =0
and lim,_,, f(z) = 1. Thus, there is some value of z such that f(2) = (1 — p)®, whence [Z] will be the MLE.

Finally, sometimes, we may be interested in the MLE of a function of another parameter n which can be written as the function
of 8, n = 7(). Then, it turns out the MLE of 5 is just 7(-) applied to the MLE of 4. Thus, MLE is invariant under transformations of
the parameter. We make this formal as follows:
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KTheorem 3.7 (functional invariance of MLE) h
Suppose that a distribution is indexed by a parameter ¢, but the interest is in finding an esimtator for some function of 0,
say n := 7(0). If 7(-) is one-to-one, then it is clear that if 6 is the MLE of 6, then 7(0) should be the MLE of 7(8). This is evident
from the fact that we can write the likelihood of n as

n

L*(x) = [T f@ilr= (1)) = L(r—" () |x),

i=1

so that if § = 7=1(n) maximizes L(-|x), then » maximizes L*(-|x). If () is not one-to-one, then we need a more general
notion of the likelihood of 7 since there is no longer a unique agreed-upon value of 6 such that 7(8) = 5. In this case, we
consider the induced likelihood function:
L*(n|x) = sup L(O|x).
0:7(0)=n

The value # that maximizes L*(n|x) is what we call the MLE of 5 = 7(6). Then, similar to before, we have 7 = 7(6) where 4 is
g the MLE of 6.

4 Bayes Estimators

In the Bayesian approach, a parameter 6 is thought to itself arise from a probability distribution, called the prior distribution,
which captures an experimenter’s subjective and prior belief about the value of . This is so-called for being determined prior
to observing the random sample X3, ..., X,, ~ f(z|f). Upon observing the sample, the prior distribution on 4 is updated to
the so-called posterior distribution. The update procedure is rooted in Bayes' rule, which tells us how to relate the conditional
distribution 6|x to the distribution x|6.

In particular, let 7(6) be a prior distribution and let f(x|6) be the sampling distribution. Then, the posterior distribution, i.e. the
conditional distribution of 4 given the sample x, is

r(o — LXOTO)
m(X)

where m(x) = [ f(x|0)(0) d6. Typically, it will suffice to compute only the part of the RHS which depends on 6, f(x|0)=(9), as this

will often identify the posterior distribution. From the posterior distribution, we can concoct point estimates of 6. For example,

we know the mean E[0|x] is a fairly “representative” deterministic value of the distribution 7(6|x). So, we can consider the point

estimate 6(x) := E[]x] of 6. We can also consider similar measures of central tendency such as the median median(d|x) of the

posterior. The maximum a posteriori (MAP) estimator is the mode of the posterior distribution argmax, 7(0|X).

Usually, unless stated otherwise, the Bayes estimator is understood to be the posterior mean E[§|x].
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Example 4.1 (binomial Bayes estimation)

Let Xy,..., X, beiid Bernoulli(p). ThenY = }". X, is binomial(n, p). Assume the prior on pis beta(a, 3). The joint distribution
of Y andpis

_ n Y1 — ny> (F(OZ + 5) a—1 1— ﬂl) _ (n) F(a + ﬁ) y+a—1 1— n—y+5—1
f(y,p) ((y)p (1-p) NONOK (1-p) y) T (B)” (1-p)
The marginal of Y is then (by recognizing the integral contains the kernel of a beta pdf)

n) Ma+6) T+al(n-y+p)
g .

W= ( I'(a)L(B) T'(n+a+p)
The posterior is then
f(ply) = fy.p) M- e p) prte1(1 — p)n—y+ﬁ—1

fly)  Tly+a)l(n—y+p)
which is beta(y + «,n — y + ). The Bayes estimator is then:

. Yt
PB 7a+ﬂ+n

When estimating a binomial parameter, as in the example above, it was not absolutely necessary to choose a prior distribution
from the beta family. However, there was a certain advantage to choosing the beta family in that the estimator ended up having
a nice closed-form expression. Moreover, this was made possible by the fact that the posterior was in the same family as the
prior. There is a broad class of examples for which this phenomenon holds.

Definition 4.2 (conjugate family). Let F denote the class of pdfs or pmfs f(z|0) (indexed by 6). A class II of prior distributions
is a conjugate family for F if the posterior distribution is in the class II for all f € F, all priors in II, and all z € X. Examples of
conjugate families can be found |herel

Note: by class IT we mean a collection of distributions or pdf's/pmf’s, typically parametrized by one or two real numbers, much
like how the class F is indexed by 0. We've seen many examples of such classes already, e.g. the beta family, the normal family,
the gamma family, etc.

Example 4.3 (normal Bayes estimators)
Let X ~ N (6,0?) and suppose the prior on 6 is N'(i1, 72). The posterior of ¢ then is also normal with mean and variance

7_2 0.2 0.27.2

E =S n -
[0]z] s sz + pny 7_2,u and Var(0|x) g

Thus, the normal family is its own conjugate family.

5 Methods of Evaluating Estimators

5.1 Mean Squared Error

We want some way of measuring the quality of an estimator. A natural approach is to first consider some loss function L(6, W)
of the true value of the parameter 6 and the estimator W = W(Xy,..., X,,). For instance, we might take L(6, W) to simply be
the Euclidean distance between W and 6. Since X1, ..., X,, are random, we want to consider the average error Ey[L(6, W)]. This
running standard we will use in this section is the mean squared error where the loss L(0, W) := |6 — W|? (for 6 € R).

Definition 5.1 (mean squared error). The mean squared error (MSE) of an estimator W of a parameter 6 is the function of 6
defined by Eq[|W — 6|?].
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Remark 5.2 (bias-variance decomposition). The MSE can be rewritten as:

Eo[W — 6)° = Varg W + (E¢W — 0)* =: Varg W + (BiaseW)?

Let's look at how some of the familiar estimators we've established so far fare in terms of MSE.

Example 5.3 (normal MSE)
Let Xy,..., X, beiid. N(u,c?). The statistics X,, and S? are both unbiased estimators of their population analogues x and
o2

E[X,] = u, E[S?] = o?
for all i, o2. In fact, both of the above are always true without the normality assumption. The MSE's of these estimators are,
respectively,

~ 2 E7d o’ 2 212 2 20*
E[X, — :Vaan:Zand]E[S — o7 =Var§” =

n—1

Example 5.4
We've seen before that an alternative estimator for o2 is the MLE 6% := 1 3>°(X; — X)? = =1 . §2. We have

1
E[6? = L~ o?
n

so that 62 is a biased estimator of ¢2. The variance of 62 is then

2(n — 1)o*

Var(6?) = =

and, hence, its MSE is

E[62 — 0?)2 = (2"_ 1) ot

E[62 — 0% = <2n ; 1> ot < <2 1) ot = E[S? — %2
n n—

meaning 42 has a smaller MSE than S2. Thus, by trading off variance for bias, the MSE is improved by using 62 instead of S2.
This does not necessarily mean that 62 is a better estimator than S it is still biased and, on average, will underestimate 2.
Moreover, there is the question of whether the MSE is the right notion of error for scale parameters such as o2.

Thus,

5.2 Best Unbiased Estimators

It is not always obvious how to compare two estimators even based on mean squared error. Namely, the MSE E4[[W — 0|?] is a
function of # and thus will vary in value for different values of 4. As a trivial example, the constant estimator W(Xy,...,X,,) =0
would have an MSE of 0 at # = 0, but would be a very unsuitable estimator for any other value of §. One way to make this task
of finding a “best” estimator more tractable is to limit the class of estimators. In particular, we consider the class of unbiased
estimators W, i.e. such that Eo[WW] = 6. From the bias-variance decomposition of the MSE, it then suffices to find an unbiased
estimator with smallest variance, as this will also have smallest MSE.

Definition 5.5 (best unbiased estimator, UMVUE). An estimator W* is a best unbiased estimator of ¢ if it is unbiased for all # and,
for any other unbiased estimator W, we have
Varg (W*) < Varg(W)

for all . W* is also called a uniform minimum variance unbiased estimator (UMVUE) of 6. This is also the estimator with the
smallest MSE in this class of unbiased estimators.

It is often not difficult to come up with examples of unbiased estimators. For starters, if we can even come upon two unbiased
estimators Wi, Wy, then any linear combination ¢- W; + (1 — ¢) - W for ¢ € [0,1] will also be an unbiased estimator. But, it
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might be difficult to determine which unbiased estimator W* truly minimizes the variance Vary(W*). However, it turns out the
minimum variance has an exact formula, given by the Cramér-Rao inequality/bound.

(Theorem 5.6 (Cramér-Rao Inequality) h
Let X;,...,X,, be a sample (not necessarily iid) with joint pdf f(x|6), and let W(X) = W(Xy,...,X,) be any estimator
satisfying

—EgW / 80 f(x]0) dx and Varg W (X) < oo (1
Then, )
LEW (X
Varg W (X) > (%W (X)) 5
Eo [ (£ log £(X/6))’]
N J

Proof. Recall by Cauchy-Schwarz that
Cov(X,Y)|?
2 < > ‘7’
| Cov(X,Y)]” < (Var X)(VarY) = Var(X) > Var(Y)
Let X =W(X)andletY = d 5 log f(X|0). Then, because we can switch the order of differentiation and integration by (),

9 £(X|0)
80 /ae X|0) dX—aa/f X|0)d —1_0

E[Y]=E {alog f(X|9)} = FX[0)

00

Thus, Var(Y) = E[Y?] and, by a similar computation as above,

Cov(X,Y):E[X-Y]—E[X]-IE[Y]:E[W(X) aﬁlogf xw] /W —logf(X|9)d %E[W(X)}

|
Note that (T) is a fairly reasonable condition: that we can switch the order of differentiation and integration. It will hold for

many standard pdf's and estimators, and is ensured, for instance, if the integrand W (x) - f(x|#) and its derivative (w.r.t. §) are
uniformly bounded.

f Corollary 5.7 (Cramér-Rao Inequality or Information Inequality, i.i.d. case) h
If the assumptions of the previous theorem are satisfied and, additionally, if X;,..., X, - f(z|0), then
4R, W (X))
Varg(W(x)) > —doEeW OO
n - Ey [(%logf(X\H)) }
For unbiased estimators Ey[W (X)] = 6, the RHS numerator will be 1 and thus the Cramér-Rao lower bound looks like:
1
Varg(W (X)) > P =
n By [ (£ 108 £(X10)°]
- J

Proof. Use the fact that the joint pdf factors: f(X|0) = []_, f(X;|0) and expand the square in the RHS denominator after
converting the log of a product to a sum of logs. The cross-terms will vanish. [ |

The Cramér-Rao inequality for discrete distributions/pmf’s is analogous with the only modification being in (T), where the
integral changes to a sum.

The quantity E, {(% log f(X|9))2] in the lower bound is called the Fisher information. It is so-called since the larger it is, i.e. the

more information we have, the more possible it is to better estimate 4 (by decreasing the variance and hence the MSE). The
Fisher information can in fact be computed with two different formulas.
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/ Theorem 5.8
If f(z|0) satisfies

7 | os 1 x10)] = [ 25 (55108 1cl0)) 7(016))

(again, a mild condition that we can exchange differentiation and integration; this is true for most common families of
distributions), then

Eo

(;bM@WY]:ﬁﬁgb%ﬂmﬂ

Theorem 5.9 (multivariate Fisher information and multivariate Cramér-Rao)
Suppose § = (64, ...,6,) € RP. Then, the Fisher information matrix of 6 with respect to sample X;,..., X, i f(z|0) is the
p x p matrix I(0) with (¢, j)-th entry:

2

1oy = | (357 08t - (557 1or(/c16)) | =~ | 7z owrtaloD)|.

Let T'(X) = (T1(X),...,T,(X)) be an estimator of # and denote by its expectation ¢(6) := E¢[T(X)] € RP. The multivariate

Cramér-Rao bound then states .
Cona(r(x) = (250 o (252

00 o0
where 9v(0)/96 is the Jacobian matrix of () with respect to 4, and where the ordering on matrices “A > B" means that
A — Bisp.s.d. of A\pin(A— B) > 0.
. J

4 R
Theorem 5.10 (Fisher information of transformation)

If we are interested in a function of a parameter + = 7(0), then the Fisher information I(7) := E, {(% log f(X|9))2] of  can
be obtained from the Fisher information 7(6) of 6, via chain rule:

2
r0) =10 (57) -
If 0,7 € R?, then we have
1(0) = JTI(7(9)),

where J is the p x p Jacobian matrix with (¢, j)-th coordinate J;; = %.

- J

The question remains, however, as to which estimator W attains the Cramér-Rao lower bound. The answer turns out to be
surprisingly simple.

4 . R
Corollary 5.11 (attainment of Cramer-Rao bound)

Let X1,..., X, beiid f(z|6), where f(z|6) satisfies the conditions of the Cramer-Rao inequality. Let L(6|z) = [].—, f(x:|6)
denote the likelihood function. If W(X) = W(X;, ..., X,,) is any unbiased estimator of §, then W (X) attains the Cramer-Rao
lower bound iff

a@Mﬂ%@z%@MW)

for some function a(0), i.e. if the log-likelihood and W (x) are proportional to each other as in the equality case of Cauchy-
Schwarz.

J

Proof. This follows from the equality case of Cauchy-Schwarz Cov(X,Y)? < Var(X) - Var(Y) which occurs when X and Y are
linear transformations of each other. [ ]
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5.3 Bayes risk

Definition 5.12 (risk function). Recall we considered a loss function L(6,7W) and assessed the quality of an estimator by
considering the average loss R(6, W) := Ey[L(0, W)]. This is also called the risk function, and is a function of 0.

We discussed previously how it might be difficult to compare two estimators based on their risk functions R(6, -) since this varies

with 6. However, in the Bayesian setup, we can further average out by the prior distribution 7(9) to obtain an “average risk” of
an estimator W over all 6.

Definition 5.13 (Bayes risk). For a prior distribution 7(6), we define the Bayes risk to be
/ R(0,W)x(6) do
©
An estimator that yields the smallest value of the Bayes risk is called the Bayes rule with respect to a prior =, and is denoted W~.

Remark 5.14. For X ~ f(x|f) and 6 ~ =, the Bayes risk of an estimator W can be written as

/@R(@,W)TF(G) d@z/@ (/X L6, W (X)) f(x|0) dx) 7(0) do

Now, write f(x|0)7(0) = w(6]x)m(X) where 7(0]|x) is the posterior distribution of # and m(x) is the marginal distribution of X so that

m(X) dX

/@R(&,W)w(@)d&:/X U@L(&,W(x))w(e\x)de

The quantity in square brackets is called the posterior expected loss and is a function only of x and not of 6. Thus, for each x, if we choose
W (x) to minimize the posterior expected loss, we will minimize the Bayes risk.

Example 5.15 (two Bayes rules)
Consider a point estimation problem for a real-valued parameter 6.

1. For squared error loss, the posterior expected loss is
/ (0 — a)*7(6|X) df = E[(f — a)?|X = X]|
(C]

Here 6 is the random variable with distribution =(|x). This expected value is minimized by W™ (x) = E[#|x]. So the
Bayes rule is the mean of the posterior distribution.

2. For absolute error loss, the posterior expected loss is E[|# — a||X = X]. We can see that this is minimized by choosing
W™ (x) to be the median of 7(8|x).
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6 Problems

6.1 Previous Core Competency Problems

Problem 1 (May 2018, # 3). Let Wy, Ws,..., W, be unbiased estimators of a parameter 6 with Var(W;) = o2 and Cov(W;, W) =0
if i £ 5.

(@) Show that among all estimators of the form Zle a;W;, where a;'s are constants and Ey (3", a;W;) = 6, the estimator
W* = Zl Wi/"f
> 1/07
(b) Show that Var(W*) = ﬁ
Problem 2 (May 2018, # 6). Consider observed response variables Y7, ...,Y,, € R that depend linearly on covariates z, ..., z,
as follows:

has minimum variance.

}/i:ﬂxi“i’ei» forizl,...,n.

Here, the ¢;'s are independent Gaussian noise variables, but we do not assume they have the same variance. Instead, they are

distributed as ¢; ~ N(0, 0?) for possibly different variances 0%, ..., 02. The unknown parameter of interest is 3.
(a) Suppose that the error variances o2,...,02 are all known. Find the MLE § for 3 in this case and derive an explicit formula
for 3. Show that 8 minimizes a certain weighted least-squares criterion.
(b) Show that the estimate § in part (a) is unbiased, and derive a formula for the variance of 3 in terms of 2, ...,02 and
L1y---3Tn.

(c) Compute the Fisher information () in this model (still assuming %, ..., 02 are known constants). Compare this value
with the variance of g derived in part (b).

Problem 3 (May 2018, # 7). Suppose that X ~ Poisson()) and its parameter A > 0 has a prior distribution Gamma(«, 8) given
by density

B
I(a)

(a) Find the posterior distribution of A given the observation X, and identify the distribution with its parameters.

e ¥yt fory > 0, (and O otherwise).

f(y‘OQB) =

(b) Find the mean of this posterior distribution.

Problem 4 (May 2018, # 8). Suppose X1, X sk Ber(p) for some unknown parameter p € (0,1). Find an unbiased estimator for
the following functions of p, if there exists one.

(@) g(p) = 2p.
(b) g(p) = p(1 —p).
(© g(p) =p*.
d g(p) =p°.

Problem 5 (September 2019, # 7). Suppose that X3, ..., X,, are i.i.d. uniform random variables on [0, 8] for some ¢ € [1, 2.
(i) What is the MLE of 6?

(i) Suppose that, instead of X;'s, we only observe, foralli =1,...,n,

s [x ifxi <t
‘" ]o otherwise.

What is the MLE of § based on {Y3,...,Y,}?

Page 11



Core Competency Review Session 6

Problem 6 (September 2019, # 8). Suppose that a measurement Y is recorded with a N (6, 02?) sampling distribution, with o
known and 6 known to lie in the interval [0, 1] (but otherwise unknown). Consider two point estimators of 9: (a) the posterior
mean 5 based on the assumption of a uniform prior distribution on 6 on [0, 1], and (b) the maximum likelihood estimate O,
restricted to the range [0, 1].

(i) Show that, as o — oo, g converges in distribution (to Y3, say). Identify the limit Y;. [Hint: You may first find the distribution
of ©|Y = y and then take limits.]

(ii) Show that, as o — oo, A, converges in distribution (to Yz, say). Identify the limit 5.

(iii) If o is large enough, which estimator 6,; or § has a higher mean squared error, for any value of ¢ in [0, 1]. You may answer
this question by comparing the mean squared errors of Y; and Y; for estimating 6.

Problem 7 (May 2020, # 6). Suppose that we have single observation from X from the exponential distribution with parameter
\. Define T(X) = I(X > 1), where [ is the indicator function. Set ¢)(\) := e~ .

(i) Show that T'(X) is unbiased for ¢ ()).
(ii) Find the (Fisher) information bound for unbiased estimators of ().
(iii) Show that the variance of T'(X) is strictly larger than the information bound.
Problem 8 (September 2020, # 5). Consider the following Bayesian model
Yi,..., Y, g Uniform([0, 6]) and 6 ~ Pareto(g, A,)
where the pdf of the Pareto distribution is given by

0; )\—75)\/6 0>\ A>0
7T( a67 )_9(3+1)7 > 9 57 > 0.

Moreover, for this exercise you may assume 3 > 1.

(a) Use the Bayes formula to derive the posterior density of 6 as explicitly as possible.
(b) Compute the prior and posterior means of 6.
Problem 9 (May 2021, # 1). Let X;,...,X,, be ani.i.d. random sample with common density function

flz) = 303x=* forz >0
0 otherwise ’

where 6 > 0 is an unknown parameter.

(i) Apply the method of moments to obtain an unbiased estimator of 6.
(ii) Find the maximum likelihood estimator (MLE) of 8 and show that it is biased.
(iii) Which of the above two estimators has a smaller mean squared error (MSE)?
Problem 10 (September 2021, # 1). Let X1, ..., X,, be an i.i.d. sample with common density

e—(@=0) o
f(w;9)={ " e26

0 otherwise,

where 6 > 0 is an unknown parameter.

(i) Find a one dimensional sufficient statistic 7,.
(ii) Derive the cumulative distribution function F,, of T,,.

(iii) Give an exact (1 — «)-confidence interval for 6. (Hint: What is the distribution of F,,(T},)?).

Page 12



Core Competency Review Session 6

Problem 11 (September 2021, # 2). Let X and Y be two independent exponential random variables with parameters X\ and g,
respectively, i.e. P(X > 2,Y > y) = e =1, 2 > 0, y > 0. Define random variables

1 X<Y

T =min(X,Y)and A = .
0 otherwise.

(i) Find the probability density function of T"and the probability mass function of A.
(ii) Find the joint distribution function of (T, A).

(iii) Suppose we have a random sample (T;,A;), i =1,...,n, i.e. i.i.d. copies of (T, A). Write down the likelihood function and
find the MLE of \.

6.2 Additional Practice

Problem 12 (Casella & Berger, Exercise 7.12). Let X;,...,X,, be a random sample from a population with pmf

Po(X =2)=60°(1—-0)""" 2=00r1,0<6<

DN | =

(i) Find the method of moments estimator and MLE of 6.
(ii) Find the mean squared errors of each of the estimators.

(iii) Which estimator is preferred? Justify your choice.
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