[ Review Session 6 - Solutions ]

1 Solutions

1.1 Previous Core Competency Problems

Problem 1 (May 2018, # 3). Let Wy, Wa,..., W, be unbiased estimators of a parameter 6 with Var(W;) = o2 and Cov(W;, W) =0
ifi # 5.

a ow that among all estimators of the form Y . a;W;, where a;'s are constants and Eq¢(>_. a;W;) = 0, the estimator
(a) Show that g all estimators of the f ¥ a;W;, wh tants and Ey(3>, a;,W;) = 6, the estimat
/o2 - .
W* = 2 Wilo, has minimum variance.

> 1/”1'2
(b) Show that Var(W*) = ﬁ
It's straightforward to compute Var(W*) = ﬁ By Cauchy-Schwarz, we have
I k 1 Z k kg 1 k
_ A R 2.2 = 2 2 _
1= ;az = ;(aloz) (Ui)‘ < ;%Ui ; p Zf_l T < ;aZJZ = Var (;alWl>

Thus, W* minimizes the variance among all estimators of the form Zle a;W;.

Problem 2 (May 2018, # 6). Consider observed response variables Y7,...,Y,, € R that depend linearly on covariates z1,...,z,
as follows:
Y, =fBx;+¢, fori=1,... n.

Here, the ¢;'s are independent Gaussian noise variables, but we do not assume they have the same variance. Instead, they are

distributed as ¢; ~ N (0, 02) for possibly different variances o%,. .., 2. The unknown parameter of interest is 3.
(a) Suppose that the error variances o2, ..., 02 are all known. Find the MLE § for 4 in this case and derive an explicit formula
for 5. Show that 5 minimizes a certain weighted least-squares criterion.
(b) Show that the estimate ﬁ in part (a) is unbiased, and derive a formula for the variance ofB in terms of ¢2,...,02 and
T1ye.-y3Tn.
(c) Compute the Fisher information () in this model (still assuming o%, ..., 02 are known constants). Compare this value

with the variance ofB derived in part (b).

LetY = (Y1,...,Y,). We have log-likelihood

1 Z (yi — Bzi)?
2 S T B
LBIY,07,...,05) = @ e, exp < 207
= (Y; — Bx;)?
log L(B|Y,0%,...,02) =logC — E o
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where C does not depend on 3. Thus, the least-squares criterion to be minimized is then

n

(Y; — Bz;)?
Z 2(7142

=1l
and this has solution at

P —22,;Y; + 2822 5 _ L miY/o}
—log L(B|Y,0%,...,02) =Y — T () = B="
55 08 LB ot o) = 3T = T

Showing E[g] = 8 is straightforward and we have

Veld) = a7

We get I(8) = 3. 22/02. We have I(3)~! = Var(5) meaning § satisfies the Cramer-Rao lower bound.

Problem 3 (May 2018, # 7). Suppose that X ~ Poisson(\) and its parameter A > 0 has a prior distribution Gamma(«, 8) given
by density

[

e Yyt fory > 0, (and 0 otherwise).

flolo ) = 7

(a) Find the posterior distribution of A given the observation X, and identify the distribution with its parameters.

(b) Find the mean of this posterior distribution.

(a) It's straightforward to show 7(A|X) ~ Gamma(z + «, 8 + 1).

(b) Since the posterior is a gamma, E[A\| X] = ;ﬁ. To prove this, we have

< (B+1)7re —X(B+1) yz+
EIMNX] = R APTE g
IX] / ot

:/OO Nz+a+1)
o Fle+a)(B+1)
I'z+a+1)
B+ Dz + )
_THao

- B+1

fF,x+a+1,ﬁ+1 (>‘) dA

where we make use of the fact thatI'(k + o+ 1) = (k + a)I'(k + «) and fr x+a+1,5 denotes the pdf of a Gamma(k +
a+ 1,8+ 1) distribution.

Problem 4 (May 2018, # 8). Suppose X, X» b Ber(p) for some unknown parameter p € (0,1). Find an unbiased estimator for
the following functions of p, if there exists one.

(@ g(p) =2p
(b) g(p) = p(1—p)
(© g(p) =p*.
d) g(p) =p°.
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(a) X1+ Xo
(b) 52 = -L- 372 | (X; — X3)?

n

() X2 — 52
(d) We claim no unbiased estimator exists. For contradiction, suppose U(X, X») is an unbiased estimator of p3. Then,
E[U(X1, X2)] =p° = (1-p)p(U(1,0) +U(0,1)) + (1 - p)*U(0,0) +p*U(1,1) = p°.
However, the RHS is a polynomial of degree 3 in p, while the LHS is of degree 2, meaning the above cannot be
satisfied for all p € [0, 1] for any choice of {U(0,1),U(1,0),U(0,0),U(1,1)}.
Problem 5 (September 2019, # 7). Suppose that X, ..., X,, are i.i.d. uniform random variables on [0, §] for some ¢ € [1,2].

(i) What is the MLE of 6?
(i) Suppose that, instead of X;'s, we only observe, foralli =1,...,n,

X, ifX; <1
Y—{ A=

0 otherwise.

What is the MLE of § based on {Y1,...,Y,}?

(i) We have the joint likelihood is L(|X1,...,X,) = 1/0" - 1{max; X; < }. This is maximized over § € [1,2] at § :=
max | 1,  max Xi).
(ii) We have the likelihood function of § based on a single Y7 is

L) = - 1ve )+ 2t awi=0)

LOY:,....Y) = (;)m (1 - ;)n_m7

where m := > | 1{Y; > 0} is the number of Y;'s which are positive. We claim the above is maximized at
6 = min(max(n/m,1),2) (i.e., round n/m to the nearest point in [1, 2]).

Thus, the joint likelihood is

To see this, we can first recognize the term (1/6)™(1 — 1/0)"~™ as a binomial pdf with parameter 1/6. Thus, it must
be maximized at 6* = n/m. In fact, 6* is the only stationary point of the function

0~ (1/6)™(1—1/0)""",

and this function is increasing for § < 6* and decreasing for § > 6*. Thus, the constrained maximum
maxge,2)(1/6)™ (1 — 1/6)"~™ must be achieved at n/m if n/m € [1,2] or else the nearest boundary point among
{1,2} ton/m.

Problem 6 (September 2019, # 8). Suppose that a measurement Y is recorded with a N (6, 0?) sampling distribution, with o
known and 6 known to lie in the interval [0, 1] (but otherwise unknown). Consider two point estimators of §: (a) the posterior

mean 5 based on the assumption of a uniform prior distribution on 6 on [0, 1], and (b) the maximum likelihood estimate 6,,,
restricted to the range [0, 1].

(i) Show that, as o — oo, Oz converges in distribution (to Y3, say). Identify the limit Y;. [Hint: You may first find the distribution
of ©|Y = y and then take limits.]
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(i) Show that, as o — oo, O converges in distribution (to Y3, say). Identify the limit Y5.

(iii) If o is large enough, which estimator 6,; or 6 has a higher mean squared error, for any value of ¢ in [0, 1]. You may answer
this question by comparing the mean squared errors of Y; and Y; for estimating 6.

(i) With uniform prior my ~ Unif([0, 1]), we have posterior

(Y —0)? 1
52 1{6 € [0,1]} T
To compute the limiting distribution, let z € [0,1] and let Z ~ N(0,1). Then, the CDF of 4|Y is

m(0Y) «x L(Y|0) - w(0) = exp <—

P9 < z|Y) =P(0 <N (Y,0°) < 2|0 <N(Y,0%) < 1)
—PO0<oc-Z+Y<zl0<o-Z+Y <1)
=P(-Y/o<Z<(z-Y)/o|-Y/c<Z<(1-Y)/o)
_P(-Y/o<Z<(xz-Y)/o)
CP(-Y/e<Z<(1-Y)[o)

Then, letting @, ¢ be the standard normal cdf and pdf, respectively, we have the above is

B(=2Y) 9 (-¥)
#(50) -2 ()

o

To take limit as ¢ — oo, we use I'Hépital’s rule:

®(=2Y) o (-X)

e L) - () (=Y - (5)s (D)
e ® (EE) — 8 (-Y) e —(55) 9 () - 46 ()
o S8 (5Y) Ve ()
e (1= Y)5 (5F) ~ Vo (%)
_ —a9(0)
—¢(0)

T —>0

Thus, 6]Y N Unif([0, 1]) meaning by bounded convergence theorem, 5 := E[f]Y] "= 1/2.

(i) The MLE is seen to be 6,; = max(min(Y; 1),0) (i.e., round Y to the nearest point of [0, 1]). Next, we compute the limit
of the cdf P(65; < z). If < 0, this is clearly 0 and if z > 1, this is 1. For z € [0,1), we have

xz—0
o

IF’(éng)]P’(Ygx)IP’(J~Z+9§:C)IP’(Z§ )”ﬁP(ZSO)l/Z

g— X0

Thus, we have 0,; =3 Ber(1/2).
(iii) The MSE of E[Y1]Y] = 1/2is (1/2 — 6)?, while the MSE of Y, ~ Ber(1/2) is (1 — 6)? + 362 Straightforward algebra
shows Y7 has lower MSE for all 6 € [0, 1];

Problem 7 (May 2020, # 6). Suppose that we have single observation from X from the exponential distribution with parameter
\. Define T(X) = I(X > 1), where [ is the indicator function. Set ¢)(\) := e~ .

(i) Show that T'(X) is unbiased for ¢ ()).
(ii) Find the (Fisher) information bound for unbiased estimators of ¥()\).

(iii) Show that the variance of T'(X) is strictly larger than the information bound.
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() We have P(X > 1) =1— (1 —e™*) = e~* so that T(X) is unbiased for ().

(i) The Fisher information I()\) w.rt. A can be computed as 1/A? and then the Fisher information w.r.t. 1»()) is, by chain

rule:
8)\)2 g2

1w =10-(53) =5

A2
Thus, the CR lower bound is \? /e?*
(iii) Var(T(X)) = ¢(X) — (\)? = e=* — e~2X. Thus, we wish to show

2
- —2X A

e —e > — > A24+1.

o2
However, we claim the last inequality is always true for A > 0. Taking a power series expansion of ¢*, we have
A28 A2
e)‘>1+)\+7+€>/\2+1 = T -3 +1>0

However, the quadratic \2/6 — \/2 + 1 has a negative discriminant meaning it is is always positive. Thus, the variance
of T'(X) is strictly larger than the information bound.

Problem 8 (September 2020, # 5). Consider the following Bayesian model

Yi,...,Y, " Uniform([0,6]) and 6 ~ Pareto(3, \)

where the pdf of the Pareto distribution is given by

0; )\—75/\6 0> A>0
7T( aﬁ7 )_9(54’1)7 > 9 57 > U.

Moreover, for this exercise you may assume g > 1.

(a) Use the Bayes formula to derive the posterior density of 6 as explicitly as possible.

(b) Compute the prior and posterior means of 6.

(a) The posterior of 6 is given by
L(O|X1,. .., Xn) o< 1{6 > max(}, X(n))} - 67" FAFD),
Thus, 0|X1,..., X,, ~ Pareto(n + 8, max(X, X(y))).

(b)
E.[0] = | 2o-do= -

E[0|X] = A, X —_—
61X] = max(%, Xe) - -5z
where we use the first formula to conclude the second formula.

Problem 9 (May 2021, # 1). Let X3,..., X,, be ani.i.d. random sample with common density function

flz) = 303x=* forz >4
o otherwise ’

where 6 > 0 is an unknown parameter.
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(i) Apply the method of moments to obtain an unbiased estimator of 6.
(ii) Find the maximum likelihood estimator (MLE) of § and show that it is biased.

(iii) Which of the above two estimators has a smaller mean squared error (MSE)?

(i) We have

E[X] = 30302 dr = §0.
0 2

Thus, éMOM = Yn o %

(ii) The likelihood function is
_ 3n. 6377,
- IT, X

which is maximized at Oy = X 1. Next, to simplify the computation of the bias, we'll use the tail probability formula
for expectations: for a nonnegative random variable Y > 0:

L(O|X1,.... X,) 1{X) > 0},

E[Y] = /OOO P(Y > t) dt.

Using this formula, we have

E[éMLE] = / P(X(l) > t) dt
0

6 [e's)
:/ 1dt+/ P(X(1)>t)dt
0 6
oo oo 1 n
=9+3"03"/ (/ 4dx) dt
0 t <
OOt—?m

=0+ 393" / dt
g 3"

o4 03n ( 073n+1 >

—3n+1

1
=0-(1+ — ).
< Jr—3n—|—1>

Thus, dy.e is biased.

(iii) We have
E[X?] :/ 3032 dr = 36°.
6
Thus, Var(X) = 3% — 2% = 362 and Var(X,,) = 26?/n. Thus, by a bias-variance decomposition:

E[(Bmom — 6)%] = Var(Buom) = %92/%

Next, for the sake of using a bias-variance decomposition, we first compute E[#3, ;] and then Var(Ay.e). We have,
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again using the tail probability formula for expectations,
Blfine = [ P(X0) > VOt
0

=6 +/ P(Xq) > Vi) dt
02

o0 o0 1 n
=6+ / 3ng3n / —dz | dt
02 \/E CE4

— 6% 4 3ng% / i
T
0(73n/2+1)*2

—3n/2+1

1
=02 (14— .
( +—3n/2+1>

dt

— 92 _|_93n

Thus,

~ N a 1 1 ’
Var(fuie) = Elffune] ~ Eldue)® = 6° (1 + =gzt~ () ) |

Thus, the MSE of éMLE is

E[(wie — 0)%] = (_?)nl_H>Q 6% + Var(fuie) = 6 <— 2 + - ) :

—3n+1  —3n/2+1

We claim fy.e has a smaller MSE. This follows from:

1 2 1

— — 9n? >3n—2
30~ “3nt1 ! —3n2+1 =S

where the last inequality is always true.

Problem 10 (September 2021, # 1). Let X1,..., X,, be an i.i.d. sample with common density

e~@=0) 1 >4¢
0 otherwise,

flz;0) = {
where 6 > 0 is an unknown parameter.

(i) Find a one dimensional sufficient statistic T;,.
(ii) Derive the cumulative distribution function F,, of T;,.

(iii) Give an exact (1 — «)-confidence interval for 6. (Hint: What is the distribution of F,,(7},)?).

(i) X is sufficient based on computing the joint pdf

n

H f(2s;0) = e~ Zi®itnd . Hzny > 0}

i=1

(ii) We have

n

P(X@) >c) = (/ e "0 1{z > 9}dm> — nf—n(evo),

so that Fn(c) =1 em97n(c\/0)'
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(iii) We have n(0 — X (1) v 0) is a log(Unif([0, 1])) random variable so that if [L,, U,] is an interval such that n(0 — X1, v ) €

[Lo, Uy W.p. 1—a, thend € (X(l) + %7&1) + %) (note we get rid of the maximum in X ;) v 6 since X ;) > 6
w.p. 1).

Problem 11 (September 2021, # 2). Let X and Y be two independent exponential random variables with parameters A and p,
respectively, i.e. P(X > 2,Y > y) = e ", 1 >0,y > 0. Define random variables

1 X<Y

T =min(X,Y)and A = )
0 otherwise.

(i) Find the probability density function of 7" and the probability mass function of A.
(ii) Find the joint distribution function of (T, A).

(iii) Suppose we have a random sample (T;,A;), i = 1,...,n, i.e. i.i.d. copies of (T, A). Write down the likelihood function and
find the MLE of \.

(i) We have
P(T > ) = e *O0) = fr(z) = 331 — e = (A p)em o),
X
and - - )\
PA=1)=PX <Y)=Ex[P(X <Y|X)] = / P(Y > x) - fx(z)dx = / e M e dp = s
0 0

(ii) We have

P(T <t)=1—e tO+H d=1

PT<tA<d)= {P(T <HX>Y)=Ey[P(X 2 Y[Y) 1Y <t}] = [[P(X >y)fy(y)dy d=0

This last integral is /- (1 — e7tO+m),

(iii) First, we see from the part (ii) that

At P i)

PT<t,X<Y)=P(T<t)—-P(T<t,X>Y)= "
(T < )=P(T <t)-P(T < )A+u N

Taking the derivative with respect to ¢ then gives us “joint likelihood” L(t,1) = Ae~*(*+#), Note that “joint likelihood”
here involves both continuous and discrete distributions. The derivation above (although not entirely rigorous)
essentially first takes the discrete derivative with respect to A of the joint distribution function from (ii) and then the
continuous derivative with respect to ¢.

Similarly, the joint likelihood L(t,0) = ue~(*+#)t, Thus, the likelihood function is

LT, 8)Yy) = [T O (- 1{A; = 0} + A 1{A; = 1}) = AT AT & oxp (‘(A + 1) ZT"> |

i=1 i=1

Taking log, the part that depends on X in the above is

g3 A= A3 T,
=1 =1

so that the MLE is Ay = % ?
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1.2 Additional Practice

Problem 12 (Casella & Berger, Exercise 7.12). Let Xy,..., X, be a random sample from a population with pmf

N =

Po(X =2)=60°(1-60)""" 2=00r1,0<6 <

(i) Find the method of moments estimator and MLE of 4.
(i) Find the mean squared errors of each of the estimators.

(iif) Which estimator is preferred? Justify your choice.

(i) The method of moments estimator is obtained from setting
E[X] =0= Yn - éMOM :yn

For the MLE, the log-likelihood is

The above is increasing in 6 for § < X, and decreasingin ¢ for ¢ > X,,. If X,, > 1/2, then L(0| X, ..., X,,) isincreasing
for 6 € [0,1/2] and is thus maximized at § = 1/2. Otherwise, we have L(6| X, ..., X,,) is maximized at § = X,,. Thus,
QMLE = min{yn, 1/2}

(i) The MSE of fviom is
MSE (6mom) = Var(6vom) + Bias(Bmom)® = (8(1 — 6)/n) + 0% = (1 — 6) /n.

The MSE of éMLE is

MSE(Bwie) = > (e — 0)° (") ot(1 — o)" v

y=0 4
Ln/2] , . 2

— g _ e Y _ n—y 1 _ e Y _ n—-y
3 (n 9) <y)9 - v+ 3 (2 a) (y)o (1—6)v.
y=0 y=[n/2]+1

(iii) We first note that
MSE(fmom) = Var(X,,) = Z (g _ 9)2 (Z) 6Y(1 — 6)"v.

Thus,

MSE (fuie) — MSE (Gyom) = z": ((i _ 9)2 _ (; _ 9>2> (Z) 6(1 — g)n-

y=[n/2]+1
" 1 1
= > (y T 29) (y - ) (")et(l — g,
n 2 n 2 Y
[n/2]+1

Noting that y/n > 1/2 and 0 < 1/2 inside the sum, we have that every summand of the above is positive for 6 > 0.
Thus, MSE(6pom) < MSE(Ouie) Where the inequality is strict for 6 € (0,1/2].
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